The limits of the total crystal-field splittings 



- - - J. Mulak\ M. Mulak^ 

G^ ■ 
O 

^ ' ^ Trzebiatowski Institute of Low Temperature and Structure Research, 

Polish Academy of Sciences, 50-950, PO Box 1^10, Wroclaw, Poland 
^ Institute of Physics, Wroclaw University of Technology, 
Wyb. Wyspianskiego 27, 50-370 Wroclaw, Poland 

O 

^ - 

Corresponding author: 

Prof. Jacek Mulak 

Trzebiatowski Institute of Low Temperature and Structure Research, 
" Polish Academy of Sciences, 50-950, PO Box 1410, Wroclaw, POLAND 
S ' email: Maciej.Mulak@pwr.wroc.pl 
T3 ; Tel: (+4871) 3435021, 3443206 
§ Fax: (+4871) 3441029 

" ^ I Abstract 

' The crystal- fields causing | J) electron states splittings of the same second moment can produce 

0^ ' different total splittings AE magnitudes. Based on the numerical data on crystal-field splittings 

' for the representative sets of crystal- field Hamiltonians Hcf = J2k BkqCq''^ with fixed indexes 

' either k or q, the potentials leading to the extreme AE have been identified. For all crystal-fields 

I the admissible ranges {AEmin, AEmax) have been found numerically for 1 < J < 8. The extreme 

^ ^ splittings are reached in the crystal-fields for which Hcfs are the definite superpositions of the Cq 

, components with different rank k — 2,A and 6 and the same index q. Apart from few exceptions, the 

^ , lower limits AEmin occur in the axial fields of TLcF{q = 0) = B2oCq^^ +BiQCQ^^ +BeoCQ^\ whereas 

the upper limits AEmax in the low symmetry fields of Hcpiq = 1) = B2iC[^^ + B^iC'l'^'^ + BeiC[^\ 
Mixing the Tier components with different q yields a secondary effect and does not determine 
the extreme splittings. The admissible AE„iin changes with J from 2.00(t to 2.40cr, whereas the 
AEmax from 2.00cr to 4.10ct. The maximal gap AE^ax — AEmin = 2.00cr has been found for the 
states \ J — 4). Not all the nominally allowed total splittings, preserving — const condition, are 
physically available, and in consequence not all virtual splittings diagrams can be observed in real 
crystal-fields. 

PACS: 71.15.-m, 71.23.An, 71.70.Ch, 75.10.Dg 
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1. Introduction 



The total splitting ranges {AEmin, ^Emax) of free ion electron states in different axial crystal-fields 
(CFs) yielding the splittings of the same second moment o"^ have been thoroughly analyzed in our 
previous paper [1]. Here, we extend this analysis for all CFs. Throughout the paper the tensor 
Wybourne notation [2] for the CF Hamiltonian TCqf and the CF parameters Bf^g (CFP) is consistently 
used (Eq.(l)), 

^CF = EE ^fc^C^f^- (1) 
k q 

The zero-approximation initial states forming the interaction matrices are the Russell-Saunders cou- 
pled states \aSLJ) of well defined quantum number J with the degeneracy 2J -|- 1, where a stands 
for the remaining needed quantum numbers. For the sake of simplicity the initial states are denoted 
as I J) . Further extension of the studies for the mixed states as well as the states resulting from other 

coupling schemes arc feasible taking into account the additivity of the CF effect with respect to 2^- 
pole TCcF components. To achieve this one should employ consequently the tensor transformational 
properties of the states along with the standard angular momentum re-coupling techniques [3-5]. The 
systematic calculations have been performed in the paper for all the non-Kramers and Kramers states 
with 1 < J < 8, it means for fifteen J values. 

In order to compare the splitting effects of arbitrary (real or virtual) TLcps they must yield the 
splitting diagrams of the same second moment defined as [6-9] 

^'l*^^ = 2JTI^ [^'^ "^^'"^^^r =%rU^^' ((JllCe^^llJ))' , (2) 

where the energy centre of gravity of the sublevels within the state | J) is given hy E {\J)) = 27^:1 J2n En, 
with En as the energy of |n) sublevel, and 5^ = ( 2k^\ Yl,q \^kq\ ] is the conventional CF strength 
of the 2'^-pole [6,7,10,11], whereas the dimensionless scalar (J||C('^)||J) describes the 2'^-pole type 
aspherity of the state | J) [2,9]. 

To put in order different isomodular 2 -pole Hq^ components of the global Hqf the complementary 
scale of the CF strength was applied. This is the spherically averaged modulus of Ti^p which is equal 
to the spherically averaged modulus of the axial Sjto CFP [8] 

2-77 TT 

I^(?fI = ^ / / I^cf(«./^)I sin/3 d/3 da = \Bko\ av, (3) 


where a and /3 are two Euler angles of the reference frame rotation (the third angle is inessential). 

The most general TCcf contains 27 CFPs including 3 real axial parameters and 12 pairs of complex 
ones [2,12,13]. An interesting question arises whether one should consider complex parametrized 
Hcfs investigating the extreme splittings AEmin and AEmax of electron states in any CF yielding 
the same cr^. The negative answer can be explained as follows. The off-diagonal matrix elements of 
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the complex Ticps are superpositions of at most three complex terms (for k = 2,4,6), which due to 
their own different phases can be treated as vector sums. On the other hand in the case of the real 
parametrizations we deal solely with algebraic sums of the components. In consequence, the complex 
parametrizations (with the phase angles as their additional degrees of freedom) considerably enlarge 
the set of available ratios between the matrix elements comparing to a more discrete set for the real 
parametrizations. For each complex parametrized T^cF an equivalent real CF interaction matrix, 
leading to the same splitting diagram, can be given. The point is, however, that such a matrix cannot 
be attained only by means of the real CFPs. The complex Hamiltonians are therefore more capable 
than the real ones. This is what a supremacy of the complex parametrizations over the real ones 
consists in. Since the absolute values of the vector sums are enclosed within the range of the absolute 
values of the relevant algebraic sums, T^cF* of complex parametrizations are not relevant to AEmin 
and AEjnax, although they essentially enrich the set of available splitting diagrams. Thus, searching 
for the extreme splittings we can confine ourselves exclusively to the T^cF of real CFPs. For the sake 
of simphcity the terms 4= (Cq''^ + C^g^ are written as Cq'^\ 




Clearly, the numerically-analytical approach applied previously to the three-parameter axial CFs, 
it this case seems to be hardly realizable considering the large number of independent CFPs. In fact, 
for fifteen real CFPs and fixed one would need to scan independently and simultaneously all the 
involved B/^-gS within the ranges from to \/ (2J -|- l){2k + 1) (in a), and then, after diagonalization 
of the TCcF interaction matrix, to find out the upper and lower limits of the dominating absolute 
differences between the sublevels energies. In geometrical interpretation it would correspond to the 
analysis of adequate number of plane equations (equal to the number of the sublevels) within the 15- 
dimensional space with respect to the sphere of the radius R = a [1]. In order to avoid such difficulties 
we have investigated AEjnin and AEj^ax for a general HcF (Eq.(l)) employing an intermediate method. 
Namely, we utilized a seemingly trivial fact that the CF effect is essentially differentiated for various 
combinations of q and k indexes. Firstly, we have found the limits of the total splittings which can be 
obtained separately for isomodular partial T^^p = Y,q ^kqCq^^ for k = 2,4 and 6 (section 2), and next 
we have calculated the analogous limits for the potentials HcF{q) = B2qCq^ + B^qC^^ +BeqCq^\ this 
time with a fixed q index (section 3). 

Collating the results from both the approaches we are able to deduce the ranges {AEj^in, AE^nax) 
binding all the crystal fields and the electron states | J) with 1 < J < 8 (section 4). The information 
on the extreme total splittings is valuable and helpful for experimentalists attempting to assign or 
verify complicated energy level spectra in crystal-fields. 




3 



2. Dispersion of the total splitting of |J) electron states in CFs 



of individual 2('^)-pole T^g for k = 2,4,6 yielding the same a . 



In order to find the limits of tlic observed total splittings AE and to compare the splitting capability 
of different isomodular Hq-^ with respect to | J) states the relevant interaction matrices of order 2 J + 1 

(k) 

for all 1 < J < 8 have been diagonalized. There were chosen 8, 25 and 30 various Hq^s, both real 
and virtual, for k = 2,4 and 6, respectively. 

These intentionally selected representative potentials are characterized by different contributions 
of the particular g-components. The exact and detailed quantitative compositions of the considered 
potentials are comprised in Appendix. The calculated minimal and maximal total splittings, their 
averages and mean square deviations are compiled in Tables 1, 2 and 3, respectively for A; = 2,4 and 
6. The complementary CF strength scale [8], i.e. the spherically averaged absolute values of I'T^cfUv) 

(k) 

enabled us to list in a systematic way the different isomodular TC^jpS. However, its correlation with 
AE is not monotonic and direct. 

Our initial assumption comparing the splitting effects of various H^pS is the constant second 
moment cj^ of the observed splittings instead of the relevant conventional CF strength [6,7,10,11]. 

(k) 

Nevertheless, considering the Ti-Qp compositions the latter invariant is more convenient. The energy 
quantities such as B^g, AE, I'H.Qplav, and 6 take in these two approaches different values but they 
are correlated by a simple linear scaling relationship cr^ = '5'^ ^(2'j+i)(2'fc+i) [^"^]- Further, for the 
sake of simplicity, writing the CF Hamiltonians we assume that = 1 and ignore the scalar factor 
JHCW^I j)"^^ • '^^'^ ought to be introduced to ensure the condition cj| = 1. 

(k) 

However, even the most careful and attentive choice of representative isomodular TCqp sets covering 

(k) 

the entire range of known calculated ["Hf^plav and preceded by several surveys, does not guarantee, in 
general case, to find the exact extreme splittings AEmin and AE^ax- The extreme total splittings 
proved to be certain have been found only for the quadrupolar Hqp acting on all the | J) states, as 
well as in some particular cases for the higher CF multipoles (Tables 1-3 vs. Table 10). Since the 

(k) 

infinite number of HcpS cannot be explicitly inspected, the minimal and maximal total splittings found 

(k) 

numerically for the considered T^^p sets have been assumed as the extreme ones. Thus, in most cases 
they have a hypothetical character of statistical origin due to their sample nature. Fortunately, this 
intra-multipolar (for a fixed k) qi-mixing mechanism does not determine the extreme total splittings 
of the global Hcf = J2k ^cf (section 3 and 4) . The exact numerical approach consisting in mapping 
of all the independent CFPs variability ranges would be a generalization of the previous technique 
employed for the axial CFs [1] . It is however a hardly realizable task due to its dimensionality even for 
an individual k. Our more practical choice to overcome this complexity was a numerical experiment 
that does not guarantee the absolute character of the found extreme values, although there arc some 
convincing premises making them reliable. The apparent over-representation of the simple mono- 
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parametric Hqp in Tables 1-3 leads to the conclusion that the postulated AEmin and AEmax should 
be correct or at least close to the actual extreme values. Still better consistence should hold for the 
AE averages and the mean square deviations S. The CFP mixing within the individual 2'^-poles, i.e. 
within the component Hq^, generally does not promote the extreme AE. The reason for that is the 
additivity of cr^ with respect to |-BjfcqP (Eq. (2)). It means that every contributes separately and 
independently to cr^ producing however qualitatively various partial splittings. Considering the linear 

(k) 

independence of the involved operators Cq for different q, which implies from their orthogonality, 

the resultant CF effect should come rather from the average of the partial contributions. However, it 

(k) 

does not exclude some particular superpositions corresponding e.g. to high-symmetrical T^^pS, such as 
cubic potentials, which promote rather symmetric dichotomic splittings with AE approaching 2a. In 
order to distinguish the statistical data compiled in Tables 1-3 from the exact results obtained strictly 
numerically (section 3), the former are given with the limited accuracy of 10"~^(7 whereas the AE and 
6 with the accuracy of 10~^cr. A review of the chosen T^^pS with respect to the produced extreme 
splittings is discussed below. 

In the case of the pure quadrupolar CFs, Ti-Qp, (Tabic 1 and Appendix) for all the | J) states with 



1 < J < 8, the AEmin is attained under the action of the TC 



(2) 
CF 



by the 



(2) 



CF), whereas AEmax either in 



(2) 



or 



(2) 

Cq Hamiltonian (further denoted 
c[^^ CFs. Only for Ti^pS the unambiguous 



and monotonic relationship between AE and the relevant \En\ is observed (Appendix). The AEn 



corresponds to the largest \En\, whereas the AEmax to the smallest \En\ (what is understood for 
the = const condition), and these magnitudes are the nominally extreme ones, indeed. In the 



quadrupolar case the mean AE for the chosen eight representative Hq^s rises monotonically from 
2.343(7 for J = 1 up to 3.185(7 for J = 8 (except the trivial case of J = 3/2 when it is always 
2.0000cr) and is shifted towards the AEmax- The mean square deviation S is of the order of O.lcr and 
becomes much smaller within the range 3/2 < J < 4 (Table 1). For J = 3/2 and 2 the AE is entirely 
independent of the HqI composition, whereas for J = 5/2 and 3 depends only slightly with the S 
being merely of the order of O.Olcr. 

In the case of the 2^-pole, H(^p, (Table 2 and Appendix) for the noticeable part of J values 

confirming its 
takes place in 



5 /-^ 
3 '-"4 



(J = 2,5/2, 11/2 H- 8) the AEmin is achieved in the cubic CF: 
tendency to the dichotomic type splittings. In turn, for J = 3 and 9/2 the A£'„ 



(-(4) , 1 
S'-'O + 2 



(4) 



(4) 



CF, and for J = 7/2 and 4 in 



both the minima occur in 



(4) 



1 M^) , 1 ^(4) 



CF, although the approximate magnitudes for 



CF. The case of J = 5 seems to be quite intriguing since the AE is 
completely independent on the Ti^p composition what means here that 6 = 0. Further, the AEmax for 



J = 2 and 5/2 is gained in 
CF, next for J = 7 in 



(4) 



CF, for J = 3^9/2 in 



1 r'(^) _L 1 r 
71^2 +73^3 



(4) 



a 



(4) 



CF, for J = 11/2^13/2 in 



CF, and finally for J = 15/2 and 8 in 



C 



(4) 



(4) 




axial 



CF. It turns out 



that the same CF, 



(4) 




yields AEmin for the states with J = 3 4- 9/2, as well as the AEn 



for 



the states with J = 2 and 5/2. It is easy to show on the splitting diagrams and taking into account 
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the relevant crystal-quantum numbers. The mean magnitudes do not change considerably with 
J oscillating around 2.60(7. What is worthy to notice is the constant = 2.3531(7 for J = 5 and 
dominating l^E = 2.965(7 for J = 3. In the case of k = 4 the mean square deviation S is generally 
somewhat higher than for A; = 2, but also of the order of 0.1a and rises apparently for J = 2 and 3 
decreasing within the range 9/2 < J < 6. 



In the case of the 2^-pole, Hq^, (Table 3 and Appendix) for J 



3 and 4 the AEj^in has 



been found in 
for J = 9/2 in 



a 



(6) 



CF, for J = 7/2 and 5 in the cubic CF: 



2 ^' 



(6) 



+ 



2 -^(6) , 
13*^2 + 



2 MG) fY^' 



1 r^(6) a/7 ^(6) 

275^0 275^4 

(6) , 

4 "TV T3'^5 



but in turn 
CF of 



(6) 
13 ""6 



rather uniform contribution of all the g-components. Its effect is however close to that in 



Finally, for J = 11/2^8 the AE^nin is gained in 



7/2 is attained in 
has been found in 



(6) 



a 



(6) 



a 



(6) 



CF. 



CF, and for J = 4 in 



(6) 



+ 



(6) 



is almost identical with that in 



1 



13^0 



13 "^2 



(6) 



a 



(6) 



(6) 



(6) 



CF. In turn, the AE^nax for J = 3 and 



CF. For J = 9/2 a rather isolated AE^, 



CF. For J = 5 it occurs in 



+ 



or 

.(6) 



a 



(6) 



a 



CFs. In turn, in the case of J 



CF, but its effect 
= 6 it appears in 



and 15/2 the A^, 

(6) 



m 



13-0 

the AE in 



13 '-'I 



1 I 1 -^(6) 

72^0_+ 71^6 
2 ^(6) 
13 "-"S 



^(6) , 
13 ^4 + 



(6) 



(6) 



13^5 V 13^6 

CF, and finally in the case of J 



CF. At last, for J = 7 
8 it appears 



^(6) , 
13 '-'4 + 



13 '-'5 



(6) 



+ 



a 



(6) 



CF, which is close to 



a 



(6) 



max occurs m 

CF. The mean value of AE slightly changes with J oscillating around 2.95(J and is 
somewhat enhanced for J = 4 and 6. The mean square deviation fluctuates around 0.2(7 reaching its 
maximal value 5 = 0.36(7 for J = 3, and the minimal value 5 = 0.12cr for J = 9/2. 

Taking into account the fundamental differences between the three effective 2'^'-poles contributing 



to the global TicF the observed discrepancies in A£', AE, and 5 for the particular multipoles are 
surprisingly small with respect to both their magnitudes as well as J dependence (Tables 1-3). Apart 
from the appreciable increase in 6 roughly in ratio 1 : 2 : 3 for A; = 2, 4 and 6, respectively, all the three 
additive contributions can be, in principle, considered as comparable. The greater dispersion of the 
AE (it means the greater 5) for higher k corresponds to the higher filling of the (2 J + l)-dimensional 
interaction matrices by the non-zero T^cF matrix elements. 

The observed AE' fluctuations result primarily from the arithmetic relations (stemming from the 
quantization consequences) between the involved numbers Mj, \Mj\ < J, and q, \q\ < k, according 
to the definition of the crystal quantum number fi, Mj = //(mod q) [2,14]. For example, the state 



I J = 3) in 



C, 



(6) 



CF becomes split into two singlets (/i = 3 and 3), whereas all the other substates \Mj) 
remain intact. In consequence, the maximal nominally admissible total splitting AE = AS = 3.7417(7 
is attained (Table 10). However, exactly the same potential splits the state | J = 6) into four doublets 

= 1,2,4 and 5) and five singlets (fi = 0,0,0,3 and 3) acting on all the initial substates what 
results in the low value of AE = 2.6000cj - the lowest one found for the state, exceeding however the 
nominally minimal AS = 2.0059(7. A comparison of the extreme and average total splittings given in 
Tables 1-3 along with the relevant axial splittings for A; = 2, 4 and 6 presented on the left side of 
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Table 4 is instructive because it demonstrates the position of the Hq^ = C'q among the other Hq^ 
potentials. 

Above we have investigated the effect of the | J) states splitting by the three individual 2'^-poles 
separately. Nevertheless, under the action of the global T^cF = Sfe=2,4,6 ^CF' yielding the same cr^, 
there appears the second mechanism effectively leading to the dispersion of the available A£^. This 
is the resultant effect of the Cq^^ components with the same q but different k (three components for 
g = 0, 1 and 2, and two ones for g = 3 and 4). And this is the mechanism which turns out to be 
decisive. Its thorough analysis is consistently provided in the next section. 



3. Dispersion of the total splitting AE" of | J) states in CFs with fixed 

q: HcF{q) = 52,Cf ) + B4gC^4) ^ ^^^(^(6) yielding the same (t\ 

For all the Ti-Q^^ the splitting capability of the mono-parametric Hamiltonians (with fixed \q\) seems to 
be dominating or almost dominating. Therefore, in our the next step of the search for the extreme total 
splittings wc have focused on the g-component superpositions TtcFiQ) = B2qCq^^ + B^gCq^^ + B^qCq'^ 
with fixed q running from to 4. They have been optimized with respect to their splitting capability. 
Obviously, the assumption that the Hcf{q) is normalized, leading to the same constant a^, still 
remains in power. 

In the case of a three-parameter ?^cf(?) form, the method applied previously to the axial CFs 
[1] can be adapted here as well. However, because of the non-diagonality of the HcF{q) interaction 
matrices for q^ 0, the mapping procedure has to be preceded by their diagonalization. The splitting 
effect of each 2*^-pole superposition has been analyzed within the three-dimensional spherical reference 
frame {R, 6, tp). Taking the radius of the sphere R = a, the matrix elements have the form (in a): 



{JMj\ncF{q)\JM'j) = {-iy-^J^3[2J+l)l 2 Isin^cost/^ 



{-iy-Mj^l3{2J + l) ^ 




+ {-iy'-^J3V2J + 1 \smesmip 



J g J 

+ (-1)^-^^^V13(2J + 1) I \cose , (4) 

Mj q M'j 



where the coordinates < 6* < tt and < < 27r define the multipolar composition of the HcFiQ)- 
In the case of the two-parameter superpositions for g = 3 or 4 the above formula reduces itself to 
the simplified form which can be obtained substituting (p = Tr/2 into Eq.(4) (due to the lack of the 
quadrupolar term). 

After diagonalization of the matrices, i.e. having the sublevels eigenvalues, and mapping the 
whole variation ranges of the coordinates 9 and f, the upper and lower limits of the dominating 
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absolute differences among the eigenvalues at each {6, ip) point have been calculated numerically. In 
consequence, the physically admissible total splittings AEmin and AE„iax of the | J) states in CFs 
yielding the same have been found. The whole ranges of the and (p angles digitized with the 
accuracy of 2 • 10~^ and 1 • 10~^, respectively, has been swept up numerically. The evaluation of the 
upper and lower limits has been facilitated by a short Fortran programme [1] . 

The calculated AEmin and AEjnax for g = ^ 4 are enclosed in Tables 4-8, respectively. To 
complete these data and make them easy to compare the relevant AE for the solitary contributions 
to T^cF (i-e. for = 5 or 6) are appended in Table 9. 

The essential results stand as follows: 

- There are three types of the Hcf{q) with fixed q: the first involving all the three terms with k = 2,4 

and 6 for g = 0, 1 and 2, the second composed of two terms with k = A and 6 for g = 3 and 4, 
and the third based only on the one term with A; = 6 for g = 5 and 6. Intuitively, the three- 
multipolar T^cfs are the most effective in achieving the extreme total splittings. The results 
confirm it convincingly. From among all the 30 extreme values merely 5 (three AEmax^ and two 
AEmins) come from the two- multipolar TCcps (three for TCcpiQ — 4) and two for TicFil = 3)) 
(see Tables 4-9). From among the complete three- multipolar superpositions only TicFiQ = 
lead for 1 < J < 8 (except for J = 4) to both the largest AE^ax and the largest AEmin- In 
turn, the three- multipolar TCcpiQ = 0)s lead to the smallest AEmin as well as to the smallest 
^Emax (again except for J = 4). It confirms unambiguously the extreme splitting capabilities 
of these two particular CF potentials. 

- There exist 7^cf(? = l)s for which the AE^ax for all the considered Kramers states with J < 

15/2 practically reach the maximal, nominally predicted values (compare Table 5 vs. Table 
10). The observed deviation found for J = 15/2 amounts to 0.3% {AE^ax = 3.9880cr vs. 

ASmax = 4.0000cr), and for J = 13/2 only 0.1% {AEmax = 3.7381cr vs. AEmax = 3.7417cr). 
These discrepancies follow the characteristic divergence between the AE^ax and A£max values 
appearing for large J values due to breaking of the simple model relation AE^ax = cj\/2X+T. 
It means that the splitting diagrams with two doublets at energies zizAE/2 and all the others 
at zero energy become unavailable. For the TCcpiQ — '^)^ and the half-integer J the dependence 
AEmax{J) approximates closely that for the Hcpiq = l)s discussed above (Tables 5 and 6). 

- For the non-Kramers states the AE^ax is also reached for the majority of J numbers under the 

action of the Hcf{q — l)s- Here, only three exceptions have been found. For J = 4 the prevailing 
/AEmax = 4.0763(7 occurs for the Hcpiq = 4) (Table 8), and in the case of J = 5 and 6 for the 
T~(-cf{q = 3)s, where AEmax attains 3.5904(7 and 3.7054(7, respectively. The latter two values 
only slightly exceed their counterparts for the TicFil = (Tables 7 and 5). 
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— The smallest total splittings AEmin both for the Kramers and non-Kramers ions have been found 
in the axial CFs for the TtcpiQ = 0) (Tabic 4). Only for J = 15/2 and 8 somewhat lower AEmin 
have been achieved for the Hcf{q = 4) (Table 8). 

4. Discussion 

The key issue for the estimation of the maximal splittings of electron states in CFs is the fact that 
the maximal nominally predicted ASjnax for all the Kramers states with J < 15/2 are attained for 
the properly composed multipolar superpositions in HcF{q = 1) = B2iC^^ + BiiCi^^ + BgiC^^^ 
(compare Tables 5 and 10). For the Kramers states the nominally allowed extreme AS (resulting 
solely from the constancy requirement [1,8]) amount to: ASmax = (T\/2X+T and ASmin = 2cr for 
J = 3/2, 7/2, 11/2 and 15/2, and ASmin = ^^^==1] — = for J = 5/2, 9/2 and 13/2. In turn, for the 

Y (2J+3)(2J— 1) 

non-Kramers states they are: AS^ax = cr-\/2(2J + 1) and ASmin = ^^f^^^^ (^^^ Table 10). 

It means, that no other T^cF, of any unrestricted composition, can produce larger splittings. This 
fact entitles us to recognize the HcF{q = 1) as the strongest potential with respect to the produced 
total splitting from among all the possible T^cfs yielding the same a^. It confirms also the secondary 
role of the g-mixing mechanism of the Cq^^ components in the H^pS (Tables 1-3), as well as the q and 
k cross-mixing mechanism in the TicF- 

Similarly, for the non-Kramers states the 'Hcf(<? = 1) ensures the dominating AEmax (Table 5), 
and the found exceptions for J = 4 6 and q = 2> and 4 result presumably from more favourable 
configurations of the sublevels for the involved crystal-quantum numbers (section 2). What promotes 
the large AE^ax is putting two of the sublevels (best of all two singlets) possibly far away from the 
energy centre of gravity and bringing together the remaining ones in the vicinity of the centre. 

The TCcpiQ — 1) as the only one does not allow doublets to occur in the energy spectrum (ignoring 
an accidental degeneracy) and splits the | J) state into 2J+1 singlets. In contrary, the TLcFil = 0) splits 
the I J) state always into J doublets and only one singlet \Mj = 0). The HcF{q)s for g = 2-=-6 generate 
mixtures of doublets and singlets. The splitting diagrams for the Hcf{q 7^ l)s are symmetrical with 
respect to their centres of gravity, which means that the singlet \Mj = 0) in the non-Kramers states 
has to always lie at the centre of gravity. This symmetry does not hold for g = 0. 

In the light of the above results we postulate that the AE^ax found for the Hcf{q = 1)s completed 
by the dominating values for the T^cF {q = 4) in the case of J = 4, as well as for the HcF {q = 3) in the 
case of J = 5 and 6, are the highest limits of the total CF splittings of the | J) states for 1 < J < 8 
(Table 11). 

The lower limits of the AEmin are achievable presumably in the axial CFs of the HcF{q = 0). 
Firstly, these are the smallest values from all the presented in Tables 4-9, except slightly smaller 
AEjninS for J = 15/2 and 8 under the action of TicFiq = 4). Secondly, the axial CFs split the 
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non-Kramers states into the highest number of doublets. This quahtative similarity of the splitting 
diagrams of the non-Kramers and Kramers states in the axial CFs must result in the equally small 
extreme total splittings (Table 4). Moreover, the obtained AEj^in^ do not differ distinctly (contrary to 
the AEmaxS for higher J) from their nominal limits (Table 10), although the energy distances should 
not be treated linearly. The particular weight of the axial CFs results also from their leading role in 
the complementary scale of the CF strength [8]. For all the three 2'^-poles the I'HcF'lav values in the 
axial CFs are the largest in the sets of all the remaining CFs (Appendix). This suggests rather higher 
average magnitudes of the absolute energies En of the sublevels and naturally lower AE. 

Thus, we postulate that the AEmin achieved in the axial CFs of the 7^cf(? = 0) for 1 < g < 7 
and in the CFs of the Hcf{q = 4) for J = 15/2 and 8 are the lowest possible limits of the total CF 
splittings of the | J) states. All the above estimated maximal and minimal total splittings of the |J) 
states for 1 < g < 8 in any CF are compiled in Table 11. 

Concluding, two types of the CF Hamiltonians can be distinguished with respect to their extreme 
splitting capability. The lower limits of the total splittings are attained in the prevailing number of 
cases m the axial CFs of the HcfIq = 0) = SsqCJ^^ + S4oCj^^ + BqoC^^\ whereas the upper limits in 
the CFs of the Hcpiq = 1) = B2iCf^ + B4iC['^'' + BgiCf \ For the non-Kramers states in the first 
case wc deal with the maximal number of doublets (equal to J), whereas in the second case with the 
maximal number of singlets (equal to 2J + 1). In turn, for the Kramers states only doublets occur. 
These two particular Hamiltonians composed of the cjj^'^ operators with the same q (either or 1) 
turn out to be the most effective from the extreme total splittings viewpoint. They contribute to 
the same elements of the Hcpiq) interaction matrices. On the other hand, the components Cq'^ with 
different q contribute to various matrix elements. This leads to more advanced mixing of the initial 
free ion substates which averages the angle distributions of their electron density. Such effect does not 
however favour the extreme splittings. 

The lower limits of the total splittings AEjnin he within the range (2.0000(7, 2.4081(7), whereas the 
nominally allowed AEj^in in (2.0000(7, 2. 1213cr). 

The upper limits AE^ax can change within the range (2.0000(7,4.1043(7) compared with the nom- 
inally allowed AE^ax interval (2.0000(7,5.8310(7). The gap AEj^ax — AEjnin varies from to 1.9961 
(for J = 4) and is smaller for the Kramers states (Table 11). 

It is worthy to remind that all the energy quantities met in the paper are referred to constant 
and expressed in a. However, the a depends not only on the CFPs (Eq.(2)) but in equal degree on the 
multipolar characteristics of the electron density distribution of the central ion affected by the CF. 
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Appendix 

Normalized 



^^i. — 1) values of CFPs in the considered Ti-Q-^. for /c = 2, 4 and 6 given under the scheme 
(Bko, Bki, Bk-i, Bk2, Bk-2, ■ ■ ■ ; Bkk, Bk-k) and the relevant total splitting AE and average absolute 



value of En, \En\, for the | J) states given under the scheme J(A£^, The Hamiltonians are ordered 

according to their complementary CF strength I'^Qplav [8]. 



No. K 



w 

CF 



I'T-CFlav 



(1,0,0,0,0) 



axial 0.385 



1(2.3172,0.9253), 3/2(2.0000,1.0000), 2(2.3905,0.9475), 5/2(2.4198,0.8796) 
3(2.6090,0.8283), 7/2(2.6633,0.8696), 4(2.7759,0.8794), 9/2(2.8284,0.8719) 
5(2.9012,0.8543), 11/2(2.9481,0.8497), 6(2.9992,0.8619), 13/2(3.0387,0.8643) 
7(3.0770,0.8591), 15/2(3.1081,0.8506), 8(3.1383,0.8540). 



2.1213,0.9427), 3/2(2.0000,1.0000), 2(2.3905,0.9560), 5/2(2.4056,0.8911) 

2.5983,0.8247), 7/2(2.6184,0.8728), 4(2.7356,0.8862), 9/2(2.7540,0.8811) 

2.8308,0.8647), 11/2(2.8443,0.8536), 6(2.9008,0.8675), 13/2(2.9124,0.8718) 

2.9549,0.8686), 15/2(2.9641,0.8604), 8(2.9973,0.8593). 



) A 1 A ) 



2.1213,0.9427), 3/2(2.0000,1.0000), 2(2.3905,0.9560), 5/2(2.4056,0.8911) 

2.5983,0.8247), 7/2(2.6184,0.8728), 4(2.7356,0.8862), 9/2(2.7540,0.8811) 

2.8308,0.8647), 11/2(2.8443,0.8536), 6(2.9008,0.8675), 13/2(2.9124,0.8718) 

2.9549,0.8686), 15/2(2.9641,0.8604), 8(2.9973,0.8593). 



(J- J_ J_ J_ J_) 

1(2.4156,0.8834), 3/2(2.0000,1.0000), 2(2.3905,0.9260), 5/2(2.4401.0.8544) 
3(2.6256,0.8830), 7/2(2.7158,0.8652), 4(2.8255,0.8647), 9/2(2.9027,0.8521) 
5(2.9769,0.8351), 11/2(3.0364,0.8435), 6(3.0903,0.8490), 13/2(3.1358,0.8467) 
7(3.1774,0.8392), 15/2(3.2137,0.8363), 8(3.2462,0.8427). 



J_ J_ J_ J_ J_\ 

V3' ^/6' V6' V6' VE' 

2.4260,0.8737), 3/2(2.0000,1.0000), 2(2.3905,0.9210), 5/2(2.4428,0.8490) 
2.6273,0.8336), 7/2(2.7221,0.8646), 4(2.8322,0.8613), 9/2(2.9112,0.8478) 
2.9850,0.8343), 11/2(3.0465,0.8428), 6(3.0999,0.8465), 13/2(3.1467,0.8434) 

:!.1878,().8.:il8), 15/2(:!.22iL0.8:i.")l), 8(:!.2")7:!,().8:i99). 



J_pi7r/4 ^ p 



l_p-i7r/4 J_ 



V5' V5^ 

2.4450,0.8431), 3/2(2.0000,1.0000), 2(2.3905,0.9055), 5/2(2.4483,0.8314) 
2.6321,0.8354), 7/2(2.7341,0.8627), 4(2.8436,0.8519), 9/2(2.9267,0.8344) 
3.0013,0.8314), 11/2(3.0643,0.8404), 6(3.1193,0.8385), 13/2(3.1668,0.8325) 
3.2086,0.8288), 15/2(3.2468,0.8327), 8(3.2794,0.8334). 



1(2.4495,0.8164), 3/2(2.0000,1.0000), 2(2.3905,0.8920), 5/2(2.4495,0.8164) 
3(2.6332,0.8354), 7/2(2.7373,0.8627), 4(2.8470,0.8439), 9/2(2.9310,0.8238) 
5(3.0058,0.8299), 11/2(3.0682,0.8404), 6(3.1233,0.8328), 13/2(3.1709,0.8241) 
7(3.2138,0.8271), 15/2(3.2503,0.8327), 8(3.2840,0.8288). 



0.385 



0.381 



0.374 



0.373 



0.369 



0.368 
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No. n^i^ \}i}§\^ 

8 (0,0,0,^,^) 0.368 
1(2.4495, 0.8164), 3/2(2.0000,1.0000), 2(2.3905,0.8920), 5/2(2.4495,0.8164) 
3(2.6332,0.8354), 7/2(2.7373,0.8627), 4(2.8470,0.8439), 9/2(2.9310,0.8238) 
5(3.0058,0.8299). 11/2(3.0682,0.8404), 6(3.1233,0.8328), 13/2(3.1709,0.8241) 
7(3.2138,0.8271), 15/2(3.2503,0.8327), 8(3.2840,0.8288). 



No. n 



CF 



CFlav 



:i, 0,0, 0,0, 0,0, 0,0) 



axial 0.287 



2.6725,0.8553 
2.6154,0.9540 
2.6944,0.9183 
2.8957,0.8832 



5/2(2.3148,1.9259), 3(2.7717,0.8525), 
9/2(2.3651,0.9221), 5(2.3531,0.9273), 
13/2(2.7883,0.9103),7(2.8478,0.9144), 



7/2(2.5074,0.9113) 

11/2(2.5544,0.9415) 

15/2(2.8812,0.8952) 



(0, 



1111 

2' 2' 2' 2' 
2.7598,0.8560 

2.6514,0.9396 

2.6598,0.9205 

2.8684,0.8757 



0,0,0,0) 

5/2(2.3780,0.9061), 3(3.0011,0.8326), 
9 /2(2.4258,0.9164), 5(2.3531,0.9273) , 
13/2(2.7423,0.9081),7(2.8060,0.9086), 



0.283 



7/2(2.6228,0.8977) 

11/2(2.5222,0.9457) 

15/2(2.8416,0.8892) 



^ i i 
2.8651,0.8426 
2.5875,0.9522 
2.6836,0.9108 
2.9167,0.8733 



0,0,0,0) 

, 5/2(2.3544,0.9149), 3(2.7479,0.8429), 
, 9/2(2.3679,0.9193), 5(2.3531,0.9233), 
, 13/2(2.7782,0.9014),7(2.8350,0.9005), 



0.283 



7/2(2.4981,0.9215) 
11/2(2.5472,0.9343) 
15/2(2.8848,0.8844) 



0,0,0, 
2.0412,0.9801 
2.7657,0.8874 
2.5333,0.9746 
2.5221,0.8980 



-^ - - 

5/2(2.1213,0.9428), 3(2.9312,0.8374), 
9 /2(2.4467,0.9458), 5(2.3531,0.9681) , 
13/2(2.4549,0.9620),7(2.4516,0.9423), 



cubic 0.280 



7/2(2.7849,0.7832) 

11/2(2.3830,0.9779) 

15/2(2.4636,0.9204) 



111 

V3' a/3' V3' 



2.9268,0.8318 
2.5650,0.9513 

2.6728,0.9032 
2.9340,0.8646 



0,0,0,0,0, 0) 

5 /2(2.3824,0.9039), 3(2.7336,0.8588) , 
9 /2(2.3708,0.9164), 5(2.3531,0.9194) , 
13/2(2.7670,0.8935),7(2.8339,0.8947), 



0.280 



7/2(2.5006,0.9291) 

11/2(2.5388,0.9280) 

15/2(2.8836,0.8760) 



1 1 



(0,0,0, 2,2, V. 
2.5981,0.9298 
2.7594,0.9180 
2.6155,0.9540 
2.7472,0.8881 



i 

^1 2 ' 2 / 

, 5/2(2.2935,0.9303), 3(3.0249,0.8072), 
, 9/2(2.4808,0.9354), 5(2.3531,0.9522), 
, 13/2(2.6412,0.9418),7(2.6944,0.9191), 



0.279 



7/2(2.6975,0.8477) 

11/2(2.4692,0.9623) 

15/2(2.7144,0.8976) 
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W 

CF 



I'T-CPlav 



No. K 



(^,0,0,0,0, 
2(2.2358,0.9760 
4(2.7918,0.8865 
6(2.5419,0.9735 

8(2.5382,0.8968 



0,0, 

5/2(2.1715,0.9421), 3(2.9558,0.8350), 
9 /2(2.4656,0.9449), 5(2.3531,0.9671) , 
13/2(2.4774,0.9609),7(2.4725,0.9365), 



7/2(2.7781,0.7815) 

11/2(2.3954,0.9758) 

15/2(2.4924,0.9192) 



0.279 



(1 1 1 ipW 

( 3 ' 3 ' 3 ' 3 
2(2.8047,0.8560 

4(2.7846,0.8937 

6(2.6220,0.9778 

8(2.6780,0.8819 



1 -i7r/2 1 i 1 1\ 
3 ' 3' 3' 3' 3^ 

5/2(2.3405,0.9193), 3(3.1297,0.8159), 
9/2(2.4799,0.9335), 5(2.3531,0.9273), 
13/2(2.4762,0.9463),7(2.6212,0.9249), 



7/2(2.7577,0.8095) 

11/2(2.4266,0.9675) 

15/2(2.6292,0.9012) 



0.277 



(^,0,0,0,0, 
2(2.3385,0.9633 
4(2.7450,0.8703 
6(2.5441,0.9681 

8(2.6248,0.8844 



,i,0,0) 

5/2(2.3544,0.9149), 3(3.0717,0.8255), 
9 /2(2.4590,0.9345), 5(2.3531,0.9631) , 
13/2(2.5279,0.9530),7(2.5504,0.9284), 



7/2(2.7959,0.7637) 

11/2(2.3996,0.9738) 

15/2(2.5752,0.9084) 



0.277 
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1 



1 1 



(a' 3' 3' 3 
2(2.7289,0.9103 

4(2.7558,0.8766 

6(2.6263,0.9908 

8(2.6211,0.8782 



11111 
3' 3' 3' 3' 3 



5/2(2.3736,0.9075), 3(3.1662,0.8239), 
9/2(2.4751,0.9297), 5(2.3531,0.9592), 
13/2(2.5357,0.9474),7(2.5794,0.9249), 



7/2(2.7891,0.7789) 

11/2(2.4058,0.9706) 

15/2(2.5800,0.9012) 



0.276 



11 



(0 i i i 

2(2.7530,0.8989 
4(2.6550,0.8991 
6(2.5971,0.9389 

8(2.8190.0.8597 



i,0,0) 

5/2(2.4495,0.8164), 3(3.0733,0.7874), 
9 /2(2.4286,0.8975), 5(2.3531,0.9423) , 
13/2(2.6558,0.9126),7(3.0047,0.9028), 



7/2(2.7314,0.8663) 

11/2(2.4630,0.9530) 

15/2(2.7684,0.8820) 



0.276 



12 ( 



11111 



3' 3' 3' 3' 3' 
2(2.5438,0.9284 

4(2.7873,0.8667 

6(2.6122,0.9876 

8(2.6062,0.8708 



1 

' 3' ■ 



1 

"3' ■ 



i) 



5/2(2.4110,0.8870), 3(3.2860,0.8207), 
9/2(2.4789,0.9212), 5(2.3531,0.9562), 
13/2(2.5312,0.9418),7(2.5980,0.9179), 



7/2(2.8035,0.7705) 

11/2(2.4017,0.9706) 

15/2(2.5716,0.8940) 



0.274 



13 



/I 1 1 1 1 

^3' 3' 3' 3' 3' 
2(2.9228,0.8358 

4(2.7612,0.8838 

6(2.6317,0.9767; 

8(2.6928,0.8671 



l„i7r/2 _1 
3*^ ' 3 



/2 1 1) 
' 3' 3^* 

5/2(2.4272,0.8730), 3(3.2289,0.8128), 
9 /2(2.4761,0.9136), 5(2.3531,0.9482) , 
13/2(2.5705,0.9306),7(2.6352,0.9063), 



7/2(2.7789,0.8171) 

11/2(2.4224,0.9644) 

15/2(2.6436,0.8832) 



0.273 
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CF 



I'T-CFlav 



No. K 



14 (0,i,i,0,0,0,0,i,i) 



0.273 



2.4961,0.8996), 5/2(2.4495,0.8164), 3(3.3225,0.7921), 
2.7774,0.8676), 9/2(2.4837,0.8918), 5(2.3531,0.9423), 
2.5744,0.9465), 13/2(2.5862,0.9182),7(2.6538,0.9016), 
2.7064,0.8659). 



7/2(2.8044,0.7934) 
11/2(2.4287,0.9675) 
15/2(2.6640,0.8880) 



-2j^,0,0,0,0,0,0,i^i,iy 



35\ 
22/ 

2.8208,0.9023), 5/2(2.3398,0.9193), 3(2.8701,0.9048), 
2.7198,0.9324), 9/2(2.4542,0.9307), 5(2.3531,0.9432), 
2.5798,0.9346), 13/2(2.5829,0.9216),7(2.6480,0.8993), 
2.7039,0.8572). 



plane square 0.271 



7/2(2.6109,0.8935) 
11/2(2.4463,0.9447) 
15/2(2.6676,0.8772) 



(0,0,0,^,^,0,0,0,0) 

2(2.3908,0.8922), 5/2(2.4495,0.8164), 3(3.3654,0.7945), 
4(2.7999,0.8424), 9/2(2.4922,0.8880), 5(2.3531,0.9393), 
6(2.5657,0.9454), 13/2(2.5537,0.9171),7(2.6224,0.9016), 

2.6260,0.86.34). 



7/2(2.8222,0.7526) 
11/2(2.4141,0.9706) 
15/2(2.6016,0.8856) 



0.269 



(0,i,i,0,0,i,i,0,0) 

2(2.2922,0.8942), 5/2(2.4495,0.8164), 3(3.3821,0.8048), 
4(2.8152,0.8226), 9/2(2.4941,0.8880), 5(2.3531,0.9403), 
6(2.5365,0.9465), 13/2(2.5312,0.9171),7(2.9710,0.8888), 
8(2.5901,0.8535). 



7/2(2.8281,0.7238) 
11/2(2.4058,0.9717) 
15/2(2.5680,0.8700) 



0.268 



(0,0,0,0,0,^,^,0,0) 

2(2.2358,0.8942), 5/2(2.4495,0.8164), 3(3.3844,0.8056), 
4(2.8161,0.8118), 9/2(2.4950,0.8880), 5(2.3531,0.9403), 
6(2.5343,0.9465), 13/2(2.5279,0.9171),7(2.6131,0.8888), 
8(2.5827,0.8535). 



7/2(2.8281,0.7068) 
11/2(2.4037,0.9717) 
15/2(2.5620,0.8616) 



0.266 



(0. 7^' 7^' 0' 0,0, 0,0,0) 



V2' V2 

3.0475,0.7788), 5/2(2.4495,0.8164), 3(2.7114,0.8699), 
2.5101,0.9270), 9/2(2.3802,0.8927), 5(2.3531,0.9015), 
2.6230,0.8794), 13/2(2.7176,0.8565),7(2.8071,0.8447), 

2.9822,0.8127). 



7/2(2.5312,0.9487) 
11/2(2.5014,0.9062) 
15/2(2.8956,0.8268) 



0.266 



1111111 i\ 

1 ' ,3 ' ,3 ' 3 ' 3 ' ,3 ' ,3 ' 3 ' 3 / 

2.6035,0.9090), 5/2(2.4478,0.8333), 3(2.7645,0.8977), 
2.4714,0.9351), 9/2(2.3613,0.8984), 5(2.3531,0.8975), 
2.6890,0.8956), 13/2(2.6513,0.8475),7(2.7305,0.8389), 
2.8474,0.8226). 



7/2(2.4802,0.9588) 
11/2(2.4692,0.8917) 
15/2(2.7840,0.8316) 



0.265 
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CF I iiv 



No. 



21 



(0,0,0,0,0,^ 
2(3.0542,0.7748 
4(2.5326,0.9261 

6(2.6014,0.8783 
8(2.8994,0.8151 



' 2 ' 2 ' 2^ 



, 5/2(2.4495,0.8164), 3(2.8169,0.8977), 
, 9/2(2.3765,0.8927), 5(2.3531,0.9005), 
, 13/2(2.6794,0.8576), 7(2.7595,0.8377), 



7/2(2.5227,0.9504) 
11/2(2.4827,0.9021) 
15/2(2.8284,0.8196) 



0.264 



22 



.0,0, 
2(3.0623,0.7929 
4(2.5056,0.9477 
6(2.5895,0.8772 
8(2.8350,0.8287 



75,0,0,0,0) 

5/2(2.4228,0.8774), 3(2.7606,0.9334), 
9/2(2.3736,0.9126), 5(2.3531,0.9064), 
13/2(2.6424,0.8632),7(2.7200,0.8505), 



7/2(2.4149,0.9554) 

11/2(2.4723,0.8969) 

15/2(2.7708,0.8376) 



0.263 



23 



2(2.7779,0.8573 
4(2.4300,0.9342 
6(2.6717,0.8805 

8(2.9464,0.7966 



i7r/4 i 1 1 1 i 1\ 
'3'3'3'3'3'3/ 

, 5/2(2.4495,0.8164), 3(2.5748,0.8969), 
, 9/2(2.3395,0.8937), 5(2.3531,0.8895), 
, 13/2(2.6929,0.8295),7(2.7804,0.8215), 



7/2(2.4353,0.9682) 

11/2(2.4910,0.8771) 

15/2(2.7660,0.8136) 



0.257 



24 



(^ i i 
2(3.1334,0.7245 
4(2.3625,0.9486 
6(2.5938,0.8372 
8(2.8660,0.8139 



0,0,0,0) 

, 5/2(2.4412,0.8532), 3(2.5336,0.9342), 
, 9/2(2.3138,0.9050), 5(2.3531,0.8835), 
, 13/2(2.6570,0.8284),7(2.7363,0.8203), 



7/2(2.3326,0.9750) 

11/2(2.4806,0.8626) 

15/2(2.7972,0.8160) 



0.257 



25 



(0,0,0,0,0,0, 
2(3.1623,0.6326 
4(2.3796,0.9396 
6(2.5960,0.8004; 
8(2.8684,0.7991 



^ ^1 

, 5/2(2.4495,0.8164), 3(2.5225,0.9183), 
, 9/2(2.2901,0.8946), 5(2.3531,0.8527), 
, 13/2(2.6614,0.7195),7(2.7386,0.7971), 



7/2(2.3351,0.9826) 

11/2(2.4838,0.8168) 

15/2(2.8020,0.8028) 



0.251 



No. \n'^clU 

1 (1,0,0,0,0,0,0,0,0,0,0,0,0) axial 0.239 

3(3.0459,0.7956), 7/2(2.4373,0.8709), 4(2.8318,0.8091), 9/2(2.5848,0.9361) 
5(2.6296,0.9112), 11/2(2.8952,0.8793), 6(2.9640,0.8840), 13/2(2.8965,0.8418) 
7(2.8655,0.8951), 15/2(2.9306,0.9201),8(2.9004,0.9009). 

"2 (Tr'O'O'Tr'Tr'O'O'Tz'Tr'O'O'Tr'Tr) 

3(3.2615,0.7832), 7/2(2.6117,0.8597), 4(3.0330,0.8231), 9/2(2.5905,0.9315) 
5(2.6260,0.9052), 11/2(3.0763,0.8243), 6(2.9250,0.8723), 13/2(2.8627,0.8526) 
7(2.8431,0.8979), 15/2(2.9032,0.9173),8(2.8751,0.8994). 
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Appendix - cont. 



W 

CF 



CFlav 



No. n 



0,0, 0,0, 0,0, 0,0, 0,0) 



3.2672,0.7832), 7/2(2.6229,0.8587), 4(2.8286,0.8275), 9/2(2.5893,0.9304) 
2.6201,0.9040), 11/2(2.8602,0.8706), 6(2.9289,0.8723), 13/2(2.8708,0.8526) 
2.8375,0.8979), 15/2(2.8974,0.9173), 8(2.8706,0.8979). 



0.235 



(0,^,^,1,^,0,0,0,0,0,0,0,0) 

3(3.1995,0.7870), 7/2(2.6352,0.8689), 4(3.0806,0.8448), 9/2(2.6520,0.9372) 
5(2.8329,0.9100), 11/2(2.9164,0.8543), 6(2.9906,0.8645), 13/2(2.9410,0.8418) 

7(2.9213,0.8881), 15/2(2.9465,0.9115), 8(2.9286,0.9053). 



0.234 



(o>o>o>:7^'3s'0,o,3„3„o,o,:i=,:i=) 



Ve' x/6' ' ' V6' V6' ' ' V6' Ve' 

2.9047,0.8738), 7/2(2.4934,0.9137), 4(3.1595,0.7810), 9/2(2.6019,0.9224) 
2.8544,0.9136), 11/2(2.9889,0.8431), 6(3.3176,0.8437), 13/2(3.1150,0.8607) 
3.2495,0.8532), 15/2(3.0618,0.8999), 8(2.9613,0.9053). 



0.233 



1 



1 



1 



1 



1 



1 



1 



13' v^' v^' v^Ts' 713' v^' v^' v^' VTE' VTs' ViS 

2.4459,0.9740), 7/2(2.5679,0.8362), 4(2.6869,0.9616), 9/2(2.3134,0.9657) 

2.7384,0.8287), 11/2(2.9864,0.8481), 6(3.4606,0.8762), 13/2(3.1663,0.8715) 

3.0372,0.8323), 15/2(2.8397,0.8019), 8(2.9360,0.8310). 



0.231 



(0,0,0,i,i,i,i,0,0,0,0,0,0) 

3(3.0097,0.8376), 7/2(2.7555,0.8485), 4(3.1011,0.8826), 9/2(2.5825,0.9087) 
5(2.8628,0.8598), 11/2(3.0251,0.8268), 6(3.2591,0.8411), 13/2(3.1231,0.8216) 
7(3.1350,0.8393), 15/2(2.9840,0.8826), 8(3.0148,0.8726). 



0.231 



(0,0,0,^,i,0,0,0,0,0,0,i,i^ 



2.8456,0.8957), 7/2(2.5587,0.9413), 4(3.3175,0.7258), 9/2(2.6714,0.8916) 
2.8975,0.8849), 11/2(3.0576,0.7856), 6(3.4697,0.8307), 13/2(3.2391,0.8364) 
3.3109,0.8295), 15/2(3.1238,0.8610), 8(2.9509,0.8771). 



0.230 



^,0,0,0,0,0,0,0,0,0,0, i,i) 
3(2.6462,0.9234), 7/2(2.4200,0.9637), 4(3.3402,0.7377), 9/2(2.6156,0.9133) 
5(2.9692,0.9148), 11/2(3.0563,0.8668), 6(3.3670,0.8112), 13/2(3.2432,0.8486) 
7(3.4366,0.8462), 15/2(3.1354,0.8624), 8(3.0193,0.8949). 



0.229 



/13' V13' V13' V13' V13' V13' vT3' V13' V13' V13' V13' V13' V13^ 
2.7273,0.8948), 7/2(2.5597,0.9403), 4(3.4191,0.8015), 9/2(2.6042,0.8973) 

3.0625,0.9088), 11/2(3.0713,0.8755), 6(3.6491,0.8879), 13/2(3.2067,0.8337) 

3.3444,0.8379), 15/2(3.1065,0.8639), 8(3.0446,0.8920). 



0.228 



1 1 1 i_ i_ ^_ _j_ i_ i_ ^_ _j_ ^_ 1 \ 

Vl3' Vl3' Vl3' Vl3' Vl3' a/13' Vl3' ^13' a/13' ^13' a/13' a/Is' ^13'' 
2.8303,0.9206), 7/2(2.7494,0.8536), 4(2.9724,0.8426), 9/2(2.4936,0.8939) 

2.8999,0.8490), 11/2(3.1100,0.8143), 6(3.6387,0.8866), 13/2(3.2432,0.8364) 

3.2132,0.8127), 15/2(2.9984,0.8480), 8(2.8840,0.8697). 



0.227 
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Appendix - cont. 



W 

CF 



177(6) I 



No. n 



12 (-1=, 0,0, 0,0, 0,0, 0,0, 0,0,^,^) 



0.226 



3.0555,0.8814 
2.9489,0.9339 
3.3305,0.8686 



7/2(2.3874,0.9484), 4(3.3553,0.7853), 9/2(2.6258,0.9247) 
11/2(2.9889,0.9005), 6(3.2487,0.8515), 13/2(3.1285,0.8688) 
15/2(3.0763,0.8999), 8(3.0312,0.9143). 



1 1 
a/13' VT3' 

3.3226,0.7937 
2.8568,0.8909 

2.9870,0.8770 



13' vT3' vT^' vTs' VT^' VT3' VT3' VT3' VT3' Vl3' VT3' 
7/2(2.7504,0.8505), 4(3.1325,0.8653), 9/2(2.5643,0.8871) 

11/2(2.9264,0.8743), 6(3.5243,0.9048), 13/2(3.0071,0.8567) 

15/2(2.9090,0.8855), 8(2.8974,0.8786). 



0.225 



(^,0,0,0,0, 
2.7197,0.9406 
2.6906,0.8861 
3.2537,0.8518 



;i=,;i=,0,0,0,0,;)=,3=) 



V5' V5'"' V5' 
7/2(2.6790,0.8923), 4(3.3737,0.7615), 9/2(2.5563,0.9087) 
11/2(3.0001,0.8331), 6(3.2981,0.8710), 13/2(3.2459,0.8594) 
15/2(2.9998,0.8596), 8(2.8186,0.8786). 



0.224 



1 



1 



1 



1 



1 



1 



1 



1 



13' V13' 
3.1442,0.8347 

3.0314,0.9124 

3.2048,0.8630 



13' V13' V13' V13' V13' VT3' VIS' VIS' V13' V13' V13'' 
7/2(2.6444,0.9056), 4(3.3315,0.8307), 9/2(2.6042,0.9076) 

11/2(2.9789,0.8843), 6(3.5178,0.8892), 13/2(3.0907,0.8513) 

15/2(3.0301,0.8841), 8(3.0802,0.8860). 



0.223 



4^,0,0,0,0) 



— ^ " 

7/2(2.2160,0.9851), 4(3.4321,0.7420), 9/2(2.5437,0.9201) 
11/2(2.8565,0.8318), 6(3.2929,0.8099), 13/2(3.2486,0.8567) 
15/2(2.9782,0.8596), 8(2.7889,0.8816) . 



(^,0,0,0,0 
2.5852,0.9492 
2.6033,0.8885 
3.2565,0.8588 



cubic 0.223 



(^,0,0,0,0, 
2.6023,0.8910 

3.0745,0.9017; 
3.2565,0.8113 



,0,i,i,0,0,0,0) 

7/2(2.4271,0.9668), 4(3.5879,0.7669), 9/2(2.6498,0.8882) 
11/2(3.0488,0.8755), 6(3.3228,0.8112), 13/2(3.1960,0.8297) 
15/2(3.1065,0.8437), 8(3.0208,0.8771). 



0.223 



1 



1 



1 



13' VT3' 
3.1490,0.8347 

3.0434,0.8993 

3.1503,0.8588 



1 



1 1 1 1 1 1 1 

yiS' \/T3' yi3' v^' v^' a/T3' v^' v^' v^' yiS 
7/2(2.7055,0.8811), 4(3.2731,0.8545), 9/2(2.5814,0.8825) 

11/2(3.0113,0.8868), 6(3.6894,0.8658), 13/2(3.0934,0.8472) 

15/2(2.9984,0.8798), 8(2.9613,0.8830). 



0.222 



(0,0,0,0,0,0, 
3.1509,0.8013 
2.9453,0.8993 
3.1224,0.8546 



1 1^ 
' 2' 2^ 



o,i|,o,o 

7/2(2.7463,0.8556), 4(3.0795,0.8286), 9/2(2.5403,0.8985) 
11/2(2.9889,0.8381), 6(3.1967,0.8060), 13/2(3.0732,0.8256) 
15/2(3.0099,0.8798), 8(2.9717,0.8935) . 



0.222 



(O'O'O'^'Tl 
2.6809,0.7777 

3.1264,0.8965 

3.1029,0.7905 



,0,0,0,0,0,0,0,0) 

7/2(2.6713,0.9003), 4(3.3986,0.8664), 9/2(2.5807,0.8817) 
11/2(3.0680,0.8894), 6(3.1789,0.8280), 13/2(3.1162,0.7826) 
15/2(3.0760,0.8365), 8(3.0453,0.8659) . 



0.221 
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Appendix - cont. 



W 

CF 



CFlav 



No. n 



21 



(0,0,0,0,0,^,^,0,0,0,0,0,0) 



3(2.3934,0.9120 
5(2.7121,0.7857 
7(3.0819,0.7890 



7/2(2.8284,0.7071), 4(2.5041,0.8156), 9/2(2.3351,0.8939) 
11/2(3.1849,0.7981), 6(3.6777,0.8190), 13/2(3.3025,0.8121) 
15/2(2.8888,0.7903), 8(2.7651,0.8280). 



0.221 



22 



(0,0,0,0,0,i 
3(2.6691,0.8442 
5(3.1247,0.9040 
7(3.3039,0.8267 



i,0,0,i,i,0,0) 

, 7/2(2.5322,0.9484), 4(3.5241,0.8134), 9/2(2.6315,0.8768) 
, 11/2(3.0538,0.8880), 6(3.3670,0.8125), 13/2(3.1609,0.8108) 
, 15/2(3.1123,0.8524), 8(3.0357,0.8667). 



0.221 



23 



3(3.0431,0.8223 
5(3.0159,0.8454 
7(3.1713,0.8113 



— — 00 — — 0) 

, 7/2(2.8187,0.7638), 4(2.8556,0.8751), 9/2(3.0500,0.8586) 
, 11/2(3.1400,0.8281), 6(3.5555,0.8099), 13/2(3.2270,0.7987) 
, 15/2(2.9666,0.8206), 8(2.9375,0.8399). 



0.220 



24 



(0,0,0,0,0,0, 
3(2.7634,0.9044 
5(2.7589,0.8352 
7(3.3824,0.8334 



0,^,^,0,0,0,0) 

, 7/2(2.3356,0.9828), 4(3.6181,0.7298), 9/2(2.6630,0.8737) 
, 11/2(3.0346,0.7842), 6(3.5205,0.7887), 13/2(3.2465,0.8359) 
, 15/2(3.0871,0.8450), 8(2.9640,0.8673). 



0.219 



25 (O,;)^,;)^, 0,0, 0,0, 0,0, 0,0, 0,0) 

, 7/2(2.7932,0.8097), 4(2.8761,0.8405), 9/2(2.5996,0.8802) 
, 11/2(2.7690,0.8643), 6(2.8418,0.8762), 13/2(2.8573,0.8715) 
, 15/2(2.8484,0.8999), 8(2.8246,0.8830). 



V2' V2 
3(3.4943,0.7288 

5(2.6356,0.8490 

7(2.8585,0.8923 



0.219 



26 (tS'O'O'TS' 
3(3.5153,0.7612 

5(2.6571,0.8801 

7(2.7998,0.88.39 



^,0,0,^,^,0,0,0,0) 

, 7/2(2.7902,0.8036), 4(2.9930,0.8340), 9/2(2.5985,0.8928) 
, 11/2(2.7753,0.8843), 6(2.9523,0.8905), 13/2(2.8492,0.8796) 

, 15/2(2.7503,0.8870), 8(2.7041,0.8682). 



0.216 



27 ( 



3(3.5964,0.7221 
5(2.7647,0.9040 
7(2.8319,0.8909 



r) 



' >/l3' -v/IS' \/l3' -v/IS' -v/IS' -v/IS' -v/IS' -v/ls' -y/IS' Vl3^ 
7/2(2.8106,0.7801), 4(2.9216,0.8405), 9/2(2.6110,0.8802) 

11/2(2.7428,0.9205), 6(3.0797,0.9490), 13/2(2.7858,0.8931) 

15/2(2.7272,0.8783), 8(2.8052,0.8667). 



0.213 



28 



(0,0,0,0,0,0, 
3(2.6462,0.7555 
5(3.1151,0.8730 
7(3.1964,0.7848 



0,0,0,^,^,0,0) 

, 7/2(2.8289,0.7067), 4(2.6836,0.8945), 9/2(2.4491,0.8893) 
, 11/2(3.0875,0.7769), 6(3.3267,0.7761), 13/2(3.1339,0.7393) 
, 15/2(3.0027,0.8235), 8(2.9881,0.8578). 



0.212 



29 



fJ_ i i 
3(3.6622,0.6773 
5(2.6464,0.9136 
7(2.6155,0.8979 



0,0,0,0,0,0,0, 0) 

, 7/2(2.8157,0.7598), 4(2.8102,0.8264), 9/2(2.6680,0.9099) 
, 11/2(2.6129,0.9318), 6(2.6533,0.9256), 13/2(2.6334,0.9052) 
, 15/2(2.5960,0.8826), 8(2.5837,0.8652). 



0.207 



30 



(0,0,0,0,0,0 
3(3.7414,0.5342 
5(2.6918,0.9220 
7(2.5499,0.8895 



0,0,0,0,0,^,^) 

, 7/2(2.8289,0.7067), 4(2.8978,0.8091), 9/2(2.6452,0.8757) 

, 11/2(2.5667,0.9555), 6(2.6000,0.9802), 13/2(2.5241,0.9147) 
, 15/2(2.4979,0.8639), 8(2.5183,0.8399). 

19 



0.195 



Table 1: Extreme total splittings AEmim ^E^axi the averages AE and the mean square deviations S 

(2) 

for I J) states exposed to the action of 8 representative Hq^s listed in Appendix, all values are given 
in (T. Please note, that in Tables 1-3 certain extreme values are given with the accuracy of 10~^a, 

(k) _9 

those found only in the representative Hq^ sets with the accuracy of 10 a, but their averages and 
mean square deviations the accuracy of 10~^a. 



J 


AE ■ 

A TP 

'-^■'-'max 


(2) 

No. of Ti-Q-p acc. to 

1116 llbt 111 jrvppt:IlU.lX 


AE 


8 


1 


2.1213 


1 

8 7 


2.343 


0.134 


3/2 


2.0000 


1 
8 7 


2.0000 


0.0000 


2 


2.3905 


every 


2.3905 


0.0000 


5/2 


2.4056 


1 
8 7 


2.433 


0.018 


3 


2.5983 

9 R^^9 


1 
8 7 


2.620 


0.014 


7/2 


2.6184 

9 7'^7'^ 


1 
8 7 


2.693 


0.049 


4 


i 000 


-1 
i 

Si 7 


z.oOo 


U.U4D 


9/2 


2.7540 
2.9310 


1 

8,7 


2.867 


0.073 


5 


2.8308 
3.0058 


1 

8,7 


2.942 


0.072 


11/2 


2.8443 
3.0682 


1 

8,7 


2.990 


0.092 


6 


2.9008 
3.1233 


1 

8,7 


3.045 


0.091 


13/2 


2.9124 
3.1709 


1 

8,7 


3.082 


0.106 


7 


2.9549 
3.2138 


1 

8,7 


3.124 


0.106 


15/2 


2.9641 
3.2503 


1 

8,7 


3.153 


0.117 


8 


2.9973 


1 


3.185 


0.117 




3.2840 


8,7 
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Table 2: Extreme total splittings A£'^j„, AE'^a^;, the averages /S.E and the mean square deviations 5 
for I J) states exposed to the action of 25 representative V-^^s listed in Appendix, all values are given 
in a. 



J 


^E^ax 


No. of Ti-Qp acc. to 
the list in Appendix 


A£; 


6 


2 


2.0412 
3.1623 


4 
25 


2.691 


0.303 


5/2 


2.1213 
2.4495 


4 
25 


2.385 


0.086 


3 


2.52 
3.38 


25 
18 


2.965 


0.265 


7/2 


2.33 
2.8284 


24,25 
18 


2.640 


0.167 


4 


2.36 
2.82 


24,25 
18 


2.654 


0.144 


9/2 


2.29 
2.50 


25 
18 


2.423 


0.062 


5 


2.3531 
2.3531 


every 


2.3531 


0.0000 


11/2 


2.38 
2.55 


4 
1 


2.456 


0.050 


6 


2.53 
2.69 


4 
1 


2.608 


0.0450 


13/2 


2.45 
2.79 


4 
1 


2.617 


0.096 


7 


2.45 
3.00 


4 
11 


2.708 


0.134 


15/2 


2.46 

2.90 


4 
19 


2.706 


0.129 


8 


2.52 


4 


2.757 


0.140 




2.98 


19 
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Table 3: Extreme total splittings A£'^j„, AE'^a^;, the averages /S.E and the mean square deviations 5 
for I J) states exposed to the action of 30 representative V-^^s listed in Appendix, all values are given 
in a. 



J 




4 

No. oi riQY acc. to 




5 






the list in Appendix 






3 


2.39 


21 


3.004 


0.363 




3.7417 


30 






7/2 


2.22 


16 


2.634 


0.166 




2.8284 


30,28,21 






4 


2.50 


21 


3.114 


0.286 




3.62 


24 






9/2 


2.31 


6,21 


2.593 


0.119 




3.05 


23 






5 


2.60 


16 


2.849 


0.172 




3.13 


20,28,21 






11/2 


2.57 


30 


2.963 


0.145 




3.18 


21 






6 


2.60 


30 


3.260 


0.292 




3.69 


18 






13/2 


2.52 


30 


3.061 


0.194 




3.30 


21 






7 


2.55 


30 


3.089 


0.225 




3.44 


9 






15/2 


2.50 


30 


2.954 


0.150 




3.14 


9 






8 


2.52 


30 


2.905 


0.132 




3.08 


15,20 
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Table 4: Extreme total splittings of | J) states in virtual CF fields of Hamiltonians TicpiQ = 0) = 
B2oCq^^ + B4qCq'^^ + BqqC^^ yielding constant cr^ in comparison with AE for the pure component 
2*^-poles, all values are given in a. 



Quantum The total splitting AE The range of the total splittings 
number in the 2'^-pole component for the 2'^-pole superpositions 



J 


k = 2 


k = A 


A; = 6 


AE 


AE 


1 


2.1213 


— 


— 


2.1213 


2.1213 


3/2 


2.0000 


— 


— 


2.0000 


2.0000 


2 


2.3906 


2.6725 


— 


2.0412 


2.7386 


5/2 


2.4056 


2.3148 




2.1213 


2.4495 


3 


2.5984 


2.7717 


3.0461 


2.0207 


3.2404 


7/2 


2.6183 


2.5074 


2.4373 


2.0000 


2.8284 


4 


2.7351 


2.6154 


2.8317 


2.0802 


3.5025 


9/2 


2.7528 


2.3651 


2.5848 


2.1820 


3.1424 


5 


2.8307 


2.3531 


2.6302 


2.2186 


3.3534 


11/2 


2.8444 


2.5544 


2.8953 


2.3075 


3.3182 


6 


2.9007 


2.6944 


2.9641 


2.3350 


3.4603 


13/2 


2.9125 


2.7883 


2.8964 


2.3710 


3.4518 


7 


2.9551 


2.8478 


2.8656 


2.4081 


3.6067 


15/2 


2.9640 


2.8812 


2.9306 


2.4293 


3.6152 


8 


2.9975 


2.8957 


2.9004 


2.4532 


3.7450 
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Table 5: Extreme total splittings of | J) states in virtual CF fields of Hamiltonians TicpiQ — ^) — 
B2iC[^^ + i?4iC^^'* + BeiC[^^ yielding constant cr^ in comparison with AE for the pure component 
2*^-poles, all values are given in a. 



Quantum The total splitting AE The range of the total splittings 
number in the 2'^-pole component for the 2'^-pole superpositions 



J 


k = 2 


k = A 


A; = 6 




AE 


1 


2.4495 


— 


— 


2.4495 


2.4495 


3/2 


2.0000 


— 


— 


2.0000 


2.0000 


2 


2.3906 


3.0475 


— 


2.2361 


3.1623 


5/2 


2.4495 


2.4495 




2.4495 


2.4495 


3 


2.6333 


2.7114 


3.4943 


2.1605 


3.7417 


7/2 


2.7373 


2.5312 


2.7932 


2.0000 


2.8284 


4 


2.8470 


2.5101 


2.8762 


2.2354 


3.4166 


9/2 


2.9310 


2.3803 


2.5996 


2.2363 


3.1623 


5 


3.0058 


2.3531 


2.6356 


2.3534 


3.4198 


11/2 


3.0682 


2.5014 


2.7690 


2.4059 


3.4636 


6 


3.1233 


2.6230 


2.8418 


2.4835 


3.6040 


13/2 


3.1709 


2.7176 


2.8573 


2.5498 


3.7381 


7 


3.2138 


2.8071 


2.8585 


2.6229 


3.8661 


15/2 


3.2504 


2.8956 


2.8484 


2.6316 


3.9880 


8 


3.2840 


2.9822 


2.8246 


2.6695 


4.1043 
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Table 6: Extreme total splittings of | J) states in virtual CF fields of Hamiltonians TicpiQ = 2) = 
B22C!^^ + B42C[^^ + Be2C^^ yielding constant cr^ in comparison with AE for the pure component 
2*^-poles, all values are given in a. 



Quantum The total splitting AE The range of the total splittings 
number in the 2'^-pole component for the 2'^-pole superpositions 



J 


k = 2 


k = A 


A; = 6 




AE 


1 


2.4495 


— 


— 


2.4495 


2.4495 


3/2 


2.0000 


— 


— 


2.0000 


2.0000 


2 


2.3906 


2.3906 


— 


2.2362 


3.1623 


5/2 


2.4495 


2.4495 




2.4495 


2.4495 


3 


2.6333 


3.3654 


2.6809 


2.1605 


3.7417 


7/2 


2.7373 


2.8222 


2.6713 


2.0000 


2.8284 


4 


2.8470 


2.7999 


3.3986 


2.2011 


3.9518 


9/2 


2.9310 


2.4922 


2.5807 


2.2361 


3.1622 


5 


3.0058 


2.3531 


3.1263 


2.3461 


3.3533 


11/2 


3.0682 


2.4141 


3.0680 


2.3249 


3.4455 


6 


3.1233 


2.5657 


3.1788 


2.4153 


3.5953 


13/2 


3.1709 


2.5537 


3.1163 


2.4521 


3.6830 


7 


3.2138 


2.6224 


3.1028 


2.5064 


3.7913 


15/2 


3.2504 


2.6016 


3.0760 


2.5015 


3.8838 


8 


3.2840 


2.6260 


3.0454 


2.5249 


3.9745 
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Table 7: Extreme total splittings of | J) states in virtual CF fields of Hamiltonians TicpiQ = 3) = 
-843(73'^'* + BesC^^ yielding constant cr^ in comparison with AE for the pure component 2'^-poles, all 
values are given in a. 



Quantum The total splitting AE The range of the total splittings 
number in the 2'^-pole component for the 2'^-pole superpositions 



J 


k = 4: 


k = 6 


AE 


AE 


2 


2.2361 


— 


2.2361 


2.2361 


5/2 


2.4495 




2.4495 


2.4495 


3 


3.3845 


2.3934 


2.1605 


3.7417 


7/2 


2.8284 


2.8284 


2.8284 


2.8284 


4 


2.8161 


2.5041 


2.4499 


3.6586 


9/2 


2.4950 


2.3351 


2.2362 


3.1622 


5 


2.3531 


2.7121 


2.3469 


3.5904 


11/2 


2.4037 


3.1850 


2.3301 


3.2130 


6 


2.5343 


3.6777 


2.4945 


3.7054 


13/2 


2.5279 


3.3025 


2.4540 


3.3101 


7 


2.6131 


3.0819 


2.4537 


3.0833 


15/2 


2.5620 


2.8888 


2.4600 


2.9024 


8 


2.5827 


2.7651 


2.5079 


2.9333 
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Table 8: Extreme total splittings of | J) states in virtual CF fields of Hamiltonians TicpiQ = 4) = 
-844(74^'* + BeiC^^ yielding constant cr^ in comparison with AE for the pure component 2'^-poles, all 
values are given in a. 



Quantum The total splitting AE The range of the total splittings 
number in the 2'^-pole component for the 2'^-pole superpositions 



J 


k = 4: 


k = 6 


AE 


AE 


2 


3.1623 


— 


3.1623 


3.1623 


5/2 


2.4495 




2.4495 


2.4495 


3 


2.5225 


2.7634 


2.1605 


3.7417 


7/2 


2.3352 


2.3355 


2.0000 


2.8284 


4 


2.3796 


3.6181 


2.1857 


4.0763 


9/2 


2.2901 


2.6629 


2.2362 


3.1623 


5 


2.3531 


2.7589 


2.3514 


3.0557 


11/2 


2.4838 


3.0346 


2.4495 


3.1697 


6 


2.5960 


3.5206 


2.3785 


3.6621 


13/2 


2.6614 


3.2465 


2.4176 


3.3513 


7 


2.7386 


3.3824 


2.4212 


3.4501 


15/2 


2.8020 


3.0871 


2.3992 


3.1517 


8 


2.8684 


2.9640 


2.3673 


3.0352 
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Table 9: Total splitting AE (in a) of | J) states in virtual CF fields of partial Hamiltonians 
Bq^C^^ and Hq^ = BqqC^^ yielding the same a^. 



Quantum AE 
number 



T 
J 


q = b 


q = b 


3 


2.6458 


3.7417 


7/2 


2.8284 


2.8284 


4 


2.6835 


2.8980 


9/2 


2.4495 


2.6454 


5 


3.1152 


2.6919 


11/2 


3.0872 


2.5667 


6 


3.3269 


2.6002 


13/2 


3.1339 


2.5241 


7 


3.1964 


2.5499 


15/2 


3.0030 


2.4979 


8 


2.9881 


2.5183 
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Table 10: Nominally extreme total splittings (conserving a^) of states | J) expressed in a 



QuMiiluiu iiuml)(' 


r J 


— ^^niin. 




— ^^iiKu: 


1 


3/^2 = 


2.1213 


VE 


= 2.4495 


3/2 




2.0000 




2.0000 


2 


5/V6 = 


2.0412 




= 3.1623 


5/2 


3/V2 = 


2.1213 




= 2.4495 


3 


7/^12 = 


2.0207 


VT4: 


= 3.7417 


7/2 




2.0000 




= 2.8284 


4 


9/^20 = 


2.0125 




= 4.2426 


9/2 


5/^6 = 


2.0412 


Vw 


= 3.1623 


5 


11/^30 = 


2.0083 


V22 


= 4.6904 


11/2 




2.0000 


Vl2 


= 3.4641 


6 


13/^42 = 


2.0059 




= 5.0990 


13/2 


7/VT2 = 


2.0207 


VTi 


= 3.7417 


7 


15/^56 = 


2.0045 




= 5.4772 


15/2 




2.0000 




= 4.0000 


8 


17/V72 = 


2.0035 


Vm 


= 5.8310 
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Table 11: Numerically estimated extreme total splittings AEj^in and AEj^ax of |<^) states in crystal- 
fields given in relation to a. 



Quantum number J AE^i^ AE, 



1 


2.1213 


2.4495 


6/2 


i.UUUU 


2.0000 


2 


2.0412 


3.1623 


5/z 


2.1213 


2.4495 


3 


2.0207 


3.7417 


7/2 


z.OUOU 


2.8284 


4 


Z.0802 


4.0763 


9/2 


2.1820 


3.1623 


5 


2.2186 


3.5904 


11/2 


2.3075 


3.4636 


6 


2.3350 


3.7054 


13/2 


2.3710 


3.7381 


7 


2.4081 


3.8661 


15/2 


2.3993 


3.9880 


8 


2.3673 


4.1043 
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